Abstract. We present a numerical method for computing elasto-plastic ows in metals. The method uses a conservative Eulerian formulation of elasto-plasticity together with a higher-order Godunov nite di erence method combined with tracking of material boundaries. The Eulerian approach avoids the problem of mesh distortion caused by a Lagrangian remap, and can be easily extended to the computation of ows in multiple space dimensions using operator splitting. The method is validated by a comparison of computations with experiments on one-dimensional high velocity plate impact. We obtain excellent agreement between our computations and experiment.
Introduction
Numerical methods for elasto-plastic ows based on a fully conservative Eulerian formulation of the equations of motion have potential advantages over the more traditional ones that use nonconservative Lagrangian formulations. The use of Eulerian coordinates avoids the problems of mesh tangling, poor resolution and numerical di usion caused by spatially nonuniform grids and remeshing. This problem is most pronounced for ows with large deformations. A conservative discretization of the ow equations may help prevent the production of waves that propagate at incorrect speeds.
The computational method described here successfully combines several resolution enhancing ideas, including higher-order Godunov methods 22, 6] and front tracking 3, 10] , to produce sharp wave pro les. We use a strain-rate model proposed in reference 20] for the plastic ow rule. The agreement of our computations with experimental data is excellent. The method is stable and robust, and is consistent under mesh re nement. Indeed, our computations show that a relatively coarse grid is su cient to produce convergent numerical solutions, a feature that will be important for extensions of this method to computations in multiple space dimensions. collides with a stationary target plate; the velocity of the yer is su ciently high to produce plastic deformation in both plates. The outer edges of the two plates, the so-called free boundaries, are not constrained.
We apply our implementation to the problem of the high-velocity impact of a moving yer plate with a stationary target. The outer edges of the two plates, the so-called free boundaries, are not constrained. The velocity of the yer is high enough to produce plastic deformations in both plates. A schematic diagram of this experiment is shown in Figure 1 . We obtain excellent agreement with the measured velocity of the outer edge of the target plate for the three experiments described in 20].
Elasto-Plastic Dynamics
The equations of motion that de ne the ow of an elasto-plastic medium consist of a system of partial di erential equations describing the laws of conservation of mass, momentum, and energy, together with equations that determine the response of the material to elastic and plastic deformations. We adopt a fully conservative Eulerian formulation for elasto-plasticity recently proposed in reference 15].
Equations of Motion.
In an Eulerian formulation, the deformation of a continuous medium is represented by the inverse deformation map carrying this medium from its current con guration to its undeformed con guration: X = (x i ; t), where i; = 1; 2; 3. The gradient g i := @ =@x i is called the inverse deformation gradient. The time derivative of is related to the particle velocity v i by the equation @ =@t = ?g k v k . In the conservative formulation, the instantaneous state of the ow at a point is described by the values of g i and v i , rather than that of .
The equations of motion express the principle of continuity of material (which implies conservation of mass), the conservation laws of momentum and energy, and the constitutive relations for the internal plastic variables. These laws can be summarized by a system of partial di erential equations: @ @t U + @ @x k H k (U) = S(U) ; (2.1) where U, H k (U), and S(U) are, respectively, the 20- S(U) := 0; 0; 0; h; ( ) T ; (2.4) where k l is the Kronecker symbol. Here E p ( ) and ( ) represent Voigt indexing of the six independent components of E p and , respectively (the indices ( ) = 1, : : :, 6 corresponding to = 11, 22, 33, 23, 31, 12 .)
The governing conservation laws involve several quantities that characterize the state of the material and its dynamic response: the mass density , the speci c internal energy ", the strain-hardening parameter , the plastic strain tensor E p ( ) (measured relative to the undeformed con guration), the Cauchy stress tensor ik , the hardening source term h, and the plastic source term ( ) . These quantities are discussed further below. It is also convenient to introduce the deformation gradient tensor F i := (g ?1 ) i , the Jacobian J := det F, the mass density of the undeformed material 0 := J, the speci c entropy , and the speci c volume := 1= .
An important special case of system (2.1) occurs when the ow variables depend on only one space variable, say x := x 1 . Such a case appears for example when the motion is primarily one-dimensional as in the head on collision of rectangular plates. It is also used for operator splitting solutions of multidimensional ows.
If the ow variables depend only on x 1 , the principle of continuity implies that the components g i for = 1; 2; 3 and i = 2; 3 are independent of time. Assuming the initial state to be unstrained, i.e., gj t=0 is the identity matrix, the dependence of the inverse deformation gradient on a single space dimension, together with the relation J ?1 = det g, implies that g 1 1 = J ?1 ; g 2 2 = g 3 3 = 1 ; g 1 2 = g 1 3 = g 2 3 = g 3 2 = 0 : (2.5) The restriction (2.5) on the inverse deformation gradient is generally valid for one-dimensional ows, but does not hold for operator-split computations. Additional simpli cations occur for the normal impact problem discussed in Section 4, where the ow is uniaxial (cf. references 21] and 8]). Here g is diagonal, g = diag(J ?1 ; 0; 0), and the velocity is one-dimensional, v = (v 1 ; 0; 0) T . Furthermore, the plastic strain is also diagonal, with the 22 and 33 entries being equal by symmetry. Finally, since there is no plastic volume change, det(I + 2E p ) = 1, and we can use a single variable 11, 24] (2.27) with T being the hydrostatic temperature of the material, and G 0 , G p , and G T material constants. The constant G 0 is the shear modulus of the undeformed material.
To complete the speci cation of the governing equations, we must de ne the plastic and hardening source terms. These terms are zero unless the shear stress exceeds a certain threshold, the yield strength. We formulate this condition in the form of the von Mises criterion for elastic ow: During plastic loading, where (2.28) is violated, the plastic source terms are given by: 
Numerical Method
Our computations use a higher-order variant of Godunov's method. The basic algorithm for this method is described in references 23, 1, 4, 22, 6, 12, 13] . For simplicity, we describe the method for the case of one space dimension only. However, using operator splitting, our algorithm can be generalized to the multidimensional problems.
Godunov type methods require four basic steps: reconstructing the discrete solution from cell averages, computing the left and right moving waves to the cell edges, resolving the interaction of the incoming waves at cell edges to approximate the uxes through the cell boundaries, and updating cell averages by means of conservative nite di erencing.
3.1 Godunov Scheme. We include no extra arti cial viscosity term in our Godunov method; all dissipation is introduced into the scheme by a choice of slope in an interpolation step. The Godunov method gives robust results and sharp resolution of waves without needing to adjust user-dependent parameters, which can be seen clearly in the next section when comparing with the Lax-Wendro scheme.
In our numerical scheme, the ow is represented by associating states with points on a grid; each state represents the average of the ow state over the mesh cell centered at the grid point. We choose a xed Eulerian spatial grid, indexed by i, with spatial increment x. To advance the solution from time t n to t n+1 , we use a time step t that satis es the Courant-Friedrichs-Lewy (CFL) stability condition t = c x max ; (3.1) where max is the largest absolute value of the eigenvalues of A(V ) and c < 1 is a positive constant called the CFL number. In our numerical experiments, c < 0:5. Note that the state vector V and the Jacobian matrix A(V ) are de ned in (2.8) and (2.9), respectively. Given the increments x and t above, our Godunov method consists of four steps:
(1) Reconstruction of the ow pro le from the cell averages. This step constructs a piecewise linear approximation to V (x; t n ) by determining a slope V= x, which approximates @V=@x, in each cell. A slope limiter is employed to avoid introducing extraneous local minima and maxima. This slope limiting procedure adds a small amount of viscosity selectively to those wave families which are experiencing rapid variation, and prevents the oscillatory over/undershoot common to second-order di erence schemes for hyperbolic systems.
In our computations, we use the standard van Leer slope limiter 23, 1, 4]. To calculate a monotonized di erence approximation to (@V=@x) x, we rst express it in terms of the right eigenvectors at each cell center: ;r , at the edges of each cell. These states are found by using the slopes de ned in step (1 Based on freezing coe cients in system (2.7), we currently use an approximate Riemann solver to calculate the half-step state at each cell edge. This state is that arising from the interaction of the left and right states given in step (2) which travels at zero speed. We use the eigen-structure of system (2.7) given in Section 2.2 to approximate this stationary state.
We selectively project the di erence V . The exact solution of the Riemann problem is rather complicated. Nevertheless, we have developed an exact Riemann solver, as it is needed for front-tracking. In our test problems, we found little di erence in the numerical results from using the exact solver and the approximate one. Since the approximate solver is applicable to the Riemann problem of general hyperbolic systems, and it is more e cient, we have used this approximate solver in the computations of Section 4. Tracking the free boundaries means that we explicitly include their locations and states in the data structures that describe the numerical solution. Basic descriptions of the method of front tracking, particularly as applied to uid ows, can be found in references 3, 10] . The tracking process consists of using, at each time step, the ow data near a point on a tracked surface to compute the position and ow states of that point at the end of the time step. It can be applied to any wave for which it is possible to compute the instantaneous velocity of the wave and the state variables on either side of the wave. This technique has led to numerous successes in hydrodynamic simulations and has been applied to a variety of uid ow problems. The primary mathematical component of the front tracking method is the solution of Riemann problems. A Riemann problem for a system of hyperbolic conservation laws is an initial-value problem with piecewise constant initial data and a single jump discontinuity. In our application, we track the material interfaces at the free boundaries of the two colliding plates. Although waves reaching these edges from the interior of the plates exert considerable force on the medium outside the plates (which is assumed to be a gas), the high density and sti ness of metal make the ow inside the plates insensitive to changes in the outside medium. This means that the propagation of information from the plates to the outside medium is essentially one way; therefore, as far as the solution inside the two plates is concerned, we can treat the surrounding medium as if it were an ambient vacuum. The problem of computing the ow at the free boundaries then reduces to the problem of computing the ow of a limiting contact discontinuity at a vacuum. Note that, in contrast to a gas, a metal has a material strength that allows it to maintain a positive density at zero pressure.
In the one-dimensional problem considered here, the Riemann solution consists of an inward-moving rarefaction wave near the free boundary. This wave connects the state inside the metal, near the boundary, to the state right at the boundary, which is maintained at a small ambient pressure. Since the plastic variables are passively convected quantities, we can treat them as parameters in solving this Riemann problem. Introducing the sound speed c de ned by 2 (3.9) where the subscript 0 refers to the interior edge of the rarefaction wave, m > 0 for a left moving wave, m < 0 for a right moving wave, and and c are regarded as functions of 11 along the isentrope. The appropriate isentrope is the one that passes through the state inside the metal; we integrate along this isentrope down to the ambient pressure, thereby computing the thermodynamic state at the boundary. The velocity at the free boundary is then found using the relation v = 11 =m. Since the free boundary of the plate moves with the local material velocity, this relation also provides the velocity of the tracked free boundary.
Given the positions and the left and right states of the tracked fronts, we couple the Godunov scheme described in Section 3.1 and the front tracking by using a simple extrapolation. The coupling proceeds as follows. We rst carry out a regular sweep, using our Godunov scheme to update interior states. And then, employing either the left state or right state on the front, we extend the broken nite di erence stencil near the front to a complete ve-point stencil. We use this uniform stencil for our Godunov scheme again to update the states near the front. This process avoids stability concerns when the tracked front intersects a cell to produce an extremely small cell volume.
Numerical Results
We have applied our code to the problem of the collision of two tantalum plates. This problem is similar to those presented in references 25, 20, 22] . We have used the ratedependent constitutive model proposed in reference 20] and the algorithm combining a higher-order Godunov scheme and front tracking, as described in the previous section. The Godunov scheme is similar to that in reference 22] for elasto-plastic calculations, but two di erences are noted: we carry out the calculations (1) in the Eulerian frame and (2) with a hyperelastic equation of state. The algorithms based on the Eulerian grid can avoid such shortcomings in the Lagrangian grid as interface eroding for large deformation; and using a hyperelastic law, as advocated in reference 17], entirely bypasses the need for integration of time-incremental constitutive equations for the stress tensor.
The initial data and parameter values for the constitutive laws used in our numerical simulations are given in Tables I and II of Appendix B. The simulation begins as the yer plate strikes the target plate at x = 0. The collision initiates four waves, two moving right and two moving left. The faster wave in each group is called the elastic precursor, and the slower is called the plastic compression wave. When the waves moving right hit the free surface of the target plate, the surface is accelerated. The waves moving left re ect from the free surface of the yer plate; when they subsequently hit the free surface of the target plate, this surface is decelerated. While the free boundary of the target plate is being accelerated, it is said to be undergoing loading; similarly, the deceleration of this boundary is called unloading.
Validation.
To validate the Godunov scheme for elasto-plastic computations we compare in Figure 2 numerical results produced by our Godunov scheme and by the standard Lax-Wendro nite di erence scheme. A brief review of the Lax-Wendro scheme is presented in Appendix A. In the plots shown in Figure 2 , a grid with 200 mesh blocks on the interval 0; 1] was used in both schemes. The computations are shown at t = 1:23 s. At this time, the waves on the left have already re ected from the free surface of the yer plate, and the waves on the right are still moving towards the free surface of the target plate. Without additional arti cial viscosity, calculations using the Lax-Wendro scheme showed severe oscillation of the waves, particularly on the left side with wave interaction, see Figure 2a . Adding a user-dependent parameter a, which is the arti cial viscosity parameter in the Lax-Wendro nite di erence scheme, we have obtained better results by carefully tuning the value of a. The best value of a in our runs was 0:05. Even using an optimal value a = 0:05, Figure 2b still showed some smearing e ects produced by the Lax-Wendro scheme. Overall, the two schemes give almost the same wave pro les, which validates our numerical algorithm. However, the Godunov scheme yields a better wave resolution.
Another way to validate a numerical scheme is to carry out a mesh re nement study. To also test the validity of our Godunov scheme for sti er plastic response, we carry out the mesh re nement study with Y P = 0:01 Mbar, C 1 = 7:1 s ?1 , and C 2 = 0:012 Mbar s for test 232 in Figure 3 . All the plots in Figure 3 are shown at t = 1:17 s. Using the higher-order Godunov algorithm, the numerical solution on a grid of 300 mesh blocks in 0; 1] has converged, see Figure 3a and b. The calculation on the grid of 300 mesh blocks has resolved on the left a wave structure with a leading elastic wave, a trailing plastic wave, In plot (a), the Lax-Wendro nite di erence scheme without arti cial viscosity is compared with the Godunov scheme. The velocity plot produced by the Lax-Wendro scheme shows oscillation on the left. By contrast, the Godunov scheme displays a crisp pro le for our rate-dependent model. In plot (b), an arti cial viscosity parameter a is added into the Lax-Wendro scheme. Using an optimal value a = 0:05, the oscillation is essentially removed. But the velocity plot produced by the Lax-Wendro scheme still experiences some smearing at both ends.
and a middle wave as a product of the interaction of the re ected elastic wave with the freesurface-approaching plastic wave during the re ection at the free boundary of the yer plate. This wave structure is not shown on a coarse grid of 150 mesh blocks. Upon comparing to the ner grid study, we see little di erence in Figure 3b between the wave pro les generated on the grid of 300 mesh blocks and on a ner grid of 600 mesh blocks.
To demonstrate the advantage of the Godunov scheme over other standard nite di erence schemes for elasto-plastic calculations, particularly from the point of view of computational cost and the quality of the computational solutions, we compare numerical convergence and wave resolution obtained with our Godunov scheme to that obtained using the standard Lax-Wendro nite di erence scheme with arti cial viscosity. In Figure 3b , we see that the higher-order Godunov algorithm on a grid of 300 mesh blocks in 0; 1] has already converged and clearly resolved the structure of a loosely coupled triple of waves, arising from the interaction of the elastic wave and the plastic wave during re ection on the free surface of the yer plate. However, in Figure 3c , using the standard Lax-Wendro nite di erence scheme with an optimal arti cial viscosity number of a = 0:05, the wave pro le with the same grid size of 300 mesh blocks does not display the triple wave structure and, as shown in Figure 3d , a much ner grid of 600 mesh blocks is needed to get convergence and resolve the structure and (b), using the higher-order Godunov scheme, the numerical solution on a grid of 300 mesh blocks in 0; 1] is convergent, and has resolved a triple wave structure. However, in plot (c) and (d), using the standard Lax-Wendro scheme with arti cial viscosity, a much ner grid of 600 mesh blocks is needed to resolve this structure and obtain convergence. x cm] Figure 3 : (e) Mesh re nement study of spatial plots of velocity for test 232. In plot (e), using the higher-order Godunov algorithm, the wave pro le on a grid of 300 mesh blocks in 0; 1] still has better resolution than does that on a much ner grid of 600 mesh blocks using the standard Lax-Wendro nite di erence scheme.
shown in Figure 3b . Moreover, as seen in Figure 3e , the wave pro le on the ner grid of 600 mesh blocks using the Lax-Wendro scheme is not as sharp as that on the coarser grid of 300 mesh blocks using the Godunov scheme. We notice that the wave pro les in Figures 2 and 3 are smeared, particularly the plastic waves. However, this behavior does not result from the Godunov scheme. Instead, it is a physical feature of the rate-dependent model we adopted. In reference 20], Steinberg and Lund showed that calculations using the rate-dependent constitutive model agree much better with the experimental data than ones using the rate-independent constitutive model.
The features shown in Figures 2 and 3 can be summarized as follows. Using a higherorder accurate scheme such as the Godunov method, with an enhanced resolution obtained by incorporating information from wave analysis, one achieves a much better wave resolution than is obtained using standard nite di erence schemes without the resolution enhancement. The Godunov method we have used gives much better results, particularly for the re ected waves and the wave interactions. This fact is well known in gas dynamics computations. We have demonstrated that the same enhancement also occurs in elasto-plastic calculations.
The improvement in computational cost displayed in Figure 3 will be very signi cant in multidimensional calculations. In our numerical simulations for test 232, the CPU time required using the Lax-Wendro scheme with a grid size of 600 mesh blocks was 1:9 times that used in the Godunov scheme with the half grid size of 300 mesh blocks. Therefore, for two-dimensional problems, the ratio will be enhanced to 3:6, and for the three-dimensional case, a more signi cant number of 6:8. In addition, the storage requirement for a onedimensional grid of 600 mesh blocks is about twice that for a grid of half the size. Hence, use of the Godunov algorithm should allow us to run problems about four times larger in twodimensional cases and eight times larger in three-dimensional cases. These are signi cant enhancements.
Comparison with Experiment. The analyses and validations above demonstrate
that our computational method is stable and robust, consistent under mesh re nement, and better than a standard nite di erence method. We now turn to the comparison of our numerical simulations and the experimental data. This comparison is very important in validation of our formulation and usefulness of our numerical scheme.
In physical experiments, one typically measures the velocity of the free boundary of the target plate. In our simulations this corresponds to the right-hand free boundary. Figure 4 shows this free surface velocity plotted vs. time for di erent values of the plate thickness and impact velocity. The three groups of simulations were conducted for successively thicker plates and higher impact velocities. Each of the plots in Figure 4 shows the superposition of the velocity plots for our simulation and the experimental data shown in reference 20] .
The basic dynamics of the ow at the target free boundary consists of an initial elastoplastic loading, followed by a plateau in velocity, and a subsequent elasto-plastic unloading. In each simulation the loading process is very rapid and occurs in two parts. First the elastic precursor strikes the free boundary and gives it an initial acceleration. Shortly afterwards, the material at the boundary yields as the plastic compression wave reaches the boundary, and the velocity of material at the boundary is increased to a peak value that is many times that imparted by the elastic wave. Eventually the re ection of waves from the free boundary of the yer plate leads to an unloading at the free boundary of the target.
In Figure 4 , we present the calculations using two di erent sets of values of material constants for the constitutive laws. Calculation 1 uses those values given in Table II of Appendix B, which were suggested in references 19, 20, 18] . For tests 161 and 232, Calculation 1 produces a relatively good t to the data. Indeed, for test 161, the agreement on the loading portion is very good, and for test 232 Calculation 1 is able to predict the loading wave velocities accurately. However, the agreement on the unloading portion is not satisfactory for either test. For test 390, Calculation 1 shows the greatest disparity from the experimental data. Only the elastic precursor velocity is predicted correctly. The overall pro le is quite di erent from that of experiment.
Since the t to the experimental data in Calculation 1 is not satisfactory, and the values of some of the material constants are not well characterized, we chose G p = 0 (Mbar) ?1 and C 2 = 0:035 Mbar s for Calculation 2 in Figure 4 . Thus, Calculation 2 uses a model in which the shear modulus of the material depends only on temperature, and the maximum value of _ p is about 3 times larger than that used in Calculation 1 (see the remark below Eq. (2.32)). These parameter values are still within the range suggested in reference 20]. We have not attempted in this paper to obtain an optimized t of the material parameters to the the experimental data. However, Calculation 2 shows that the material parameters can be chosen so as to t the experimental data. We see from Figure 4 that Calculation 2 gives a very satisfactory t to the experimental data in all three cases. The improvement of the t in tests 232 and 390 is quite remarkable. In particular, the agreement in the unloading region in tests 161 and 232 is relatively good now. Overall, the t to the experimental data in all three tests is much better in Calculation 2 than that in Calculation 1.
Conclusion
We have developed a numerical method for the computation of elasto-plastic ows in one space dimension. Using spatial operator splitting, this algorithm can be easily generalized to the case of more than one space dimension. The key feature of the numerical scheme is the use of a conservative Eulerian form of the equations of motion. The equations of motion are solved using a higher-order accurate Godunov method combined with front tracking, which uses the conservative formulation explicitly. The advantages of our numerical method are the reduction of numerical di usion in the computed solution, a more uniform distribution of numerical resolution in the computation, and the capability of the method to handle problems with large deformations.
We applied this numerical method to the problem of the high-velocity impact of two metal plates. The results of these computations are in excellent agreement with computations using the Lax-Wendro scheme and with experimental data. We investigated the e ect of varying certain material parameters and observed signi cant di erences in the ow behavior. We believe that a further study of the rate-dependent model is needed to resolve this issue.
Finally, we conclude that it is feasible to combine several modern resolution enhancing techniques in elasto-plastic computations, and that a higher-order accurate Godunov scheme with front tracking is capable of resolving the wave pro les on a relatively coarse grid and has a strong potential for calculations in multidimensional problems.
Future directions for the development of our numerical code include the use of front tracking for the shear waves in the solid medium, and, more importantly, the extension of the method to ows in two and three space dimensions. Table Ia initial state for yer initial state for target g = I 3 
